Abstract. In this paper, we discuss recent results about generalized metric spaces and fixed point theory. We introduce the notion of η-cone metric spaces, give some topological properties and prove some fixed point theorems for contractive type maps on these spaces. In particular we show that theses η-cone metric spaces are natural generalizations of both cone metric spaces and metric type spaces.
Introduction.
Cone metric spaces were introduced in [9] and many fixed point results concerning mappings in such spaces have been established. In [7] , M. A. Khamsi connected this concept with a generalised form of metric space that he named metric type space (MTS for short). Topological properties of metric type spaces and fixed point theorems for contractive mappings in metric type spaces can extensively be read in [1, 4, 6, 8] . The originality of the work by Huang [9] lies in the fact that they replace the real numbers by an ordered Banach space where the order on the underlying Banach space is defined via an associated cone subset. This work suggested different orientations in the generalization of the classical "metric spaces" (see for instance [2, 10] ). The present manuscript investigates a similar extension by making a local assumption that will be clarified in the next lines. In fact, we replace the constant appearing in the classical "triangle inequality" of a MTS by a function of two variables. Then we study the topological properties of these new spaces and give some fixed point results. We conclude by showing that the new introduced η-cone metric spaces have a metric like structure.
Basic definitions and preliminary results.
First let us start by making some basic definitions. Definition 2.1. Let E be a real Banach space with norm . and P be a subset of E. Then P is called a cone if and only if
(1) P is closed, nonempty and P = {θ}, where θ is the zero vector in E; (2) for any a, b ≥ 0 (nonnegative real numbers), and x, y ∈ P , we have ax + by ∈ P ; (3) for x ∈ P , if −x ∈ P , then x = θ.
Given a cone P in a Banach space E, we define on E a partial order with respect to P by x y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x y and x = y, while x ≪ y will stand for y − x ∈ Int(P ) (where Int(P ) designates the interior of P ).
The cone P is said to be normal if there is a real number C > 0, such that for all x, y ∈ E, we have θ x y =⇒ x ≤ C y .
The least positive number satisfying this inequality is called the normal constant of P . Therefore, we shall say that P is a K-normal cone to indicate the fact that the normal constant is K. The cone P is said to be regular if every increasing sequence 1 which is bounded from above is convergent, i.e. if (x n ) is a sequence such that x 1 x 2 · · · x n · · · y for some y ∈ E then, there exists x * ∈ E such that lim
The cone P is said to be minihedral cone if sup{x, y} exists for all x, y ∈ E, and strongly minihedral if every subset of E which is bounded from above has a supremum and hence any subset of E which is bounded from below has an infimum [3] .
Throughout this article we assume that the cone P is normal with constant K and P is such that int(P ) = ∅ and is a partial ordering with respect to P . Hence the Banach space E and the cone P will be omitted and the Banach space E will be assumed to be ordered with the order induced by the cone P . Now, we introduce a new type of generalized metric space, which we call η-cone metric spaces.
Definition 2.2. Let X be a non empty set and η :
The pair (X, d η ) is called an η-cone metric space.
Remark 2.3. If η(x, y) = 1 whenever x, y ∈ X, then we obtain the definition of a cone metric space (see [9, Definition 1 ] ). For η(x, y) = L(L ≥ 1) whenever x, y ∈ X, then we obtain the definition of a cone metric type space (see [2, Definition 2.1 ]). In particular, when E = R, P = [0, +∞) and η(x, y) = C(C ≥ 1) for all x, y ∈ X, then an η-cone metric space reduces to a metric type space (MTS) (see [7, Definiton 2.7] ).
Proof. (d1) and (d2) trivially hold. For (d3) we have:
Remark 2.5. If we repeat Example 2.4 with η(x, y) = 1 + sin(x) + sin(y), we also conclude that (X, d η ) is an η-cone metric space.
Remark 2.6. In Example 2.4, note that
i.e. the property (d3) holds only when we multiply by the factor η(1, 3). The property (d3) can be regarded as a "local" triangle inequality in the sense that, given, for any x, y, z ∈ X, d η (x, y) and d η (x, y)+d η (y, z), a "triangle inequality like" can always be achieved via a scalar function η. The concepts of convergence, Cauchy sequence and completeness can easily be extended to the case of an η-cone metric space.
Definition 2.8. (Compare [9] ) Let (x n ) be a sequence in an η-cone metric space (X, d η ).
(a) (x n ) is convergent to x ∈ X and we denote lim n→∞ x n = x, if for every c ∈ E with c ≫ θ, there exists n 0 ∈ N such that
c) If every Cauchy sequence is convergent in X, then X is called a complete η-cone metric space.
We state the following lemma without proof, as the proof is merely a copy of the proof of [9, Lemma 1]:
Lemma 2.9. Let (X, d η ) be an η-cone metric space, P be a normal cone with normal constant K. Let {x n } be a sequence in X. Then {x n } converges to x if and only if
The next result, corollary of Lemma 2.9 above is a reformulation of [9, Lemma 2], as a uniform bound is required for the η-function to assure uniqueness for the limit of a convergent sequence in an η-cone metric space.
Lemma 2.10. Let (X, d η ) be an η-cone metric space such that η is a bounded function, P be a normal cone with normal constant K. Let {x n } be a sequence in X. If {x n } converges to x and {x n } converges to y, then x = y. That is the limit of {x n } is unique.
Proof. For any c ∈ E with 0 ≪ c, there is N such that for all n > N , d η (x n , x) c and d η (x n , y) ≪ c. We have
We carry on with the topological properties of η-cone metric spaces with the following lemma:
c. Hence
Therefore {x n } is a Cauchy sequence.
A characterisation of Cauchy sequences is given by the following Lemma 2.12. (X, d η ) be an η-cone metric space, P be a normal cone with normal constant K. Let {x n } be a sequence in X. Then {x n } is a Cauchy sequence if and only if
Proof. See the proof of [9, Lemma 4] .
We now state the two following lemmas, which proofs are copies of the proofs of [ 
Lemma 2.14. Let (X, d η ) be an η-cone metric space over a cone P . Then for each c 1 , c 2 ∈ Int(P ), there exists c ∈ Int(P ) such that c 1 − c ∈ Int(P ) and c 2 − c ∈ Int(P ). Now, we state the following lemmas, which proof is merely a copy of the proof of [5, Theorem 2.17].
Proposition 2.15. Every η-cone metric space is a topological space.
Proof. For c ≫ θ, and x ∈ (X, d η ) let
(1) ∅ and X belong to T , (2) let U, V ∈ T and let x ∈ U ∩ V . Then there exist c 1 ≫ θ and c 2 ≫ θ such that B dη (x, c 1 ) ⊂ U and B(x, c 2 ) ⊂ V . By Lemma 2.14, there exists c ∈ Int(P ) such that
This completes the proof. Definition 2.16. Let (X, d η ) be an η-cone metric space, the collection
Before we mention our next result, we recall the present one: c 0 ≪ c. c) If (a n ) and (b n ) are sequences in E such that a n → a, b n → b and a n b n for all n ≥ 1, then a b.
Proof. Let p ∈ X. Fix c ∈ Int(P ). We show that
is a local base at p. Let U be an open set containing p. There exists c 1 ∈ Int(P ) such that B dη (p, c 1 ) ⊂ U. We know by Lemma 2.17 that we can find n 0 ∈ N such that
. This completes the proof.
spaces is continuous if and only if T is sequentially continuous.
Proof. Assume x n → x and let θ ≪ c. Since T is continuous at x ∈ X, then find θ ≪ c 1 such that T (B η 1 (x, c 1 ) 
More on topological properties.
In this section, we discuss some properties of closed sets in η-cone metric spaces. Proof. Assume that A is closed and let {x n } be a sequence in A such that x n → x. Let us prove that x ∈ A. Assume not, i.e. x / ∈ A. Since A is closed, then there exists c ≫ θ such that B η (x, c) ∩ A = ∅ . Since {x n } converges to x, then there exists N ≥ 1 such that for any n ≥ N we have x n ∈ B η (x, c) . Hence x n ∈ B η (x, c) ∩ A, which leads to a contradiction. Conversely assume that for any sequence {x n } in A which converges to x, we have x ∈ A. Let us prove that A is closed. Let x / ∈ A. We need to prove that there exists c ≫ θ such that B η (x, c) ∩ A = ∅. Assume not, i.e. for any c ≫ θ, we have B η (x, c) ∩ A = ∅. So for any n ≥ 1, choose x n ∈ B η x, 1 n c ∩ A. Clearly we have {x n } converges to x. Our assumption on A implies x ∈ A, a contradiction. So A is closed. Proposition 3.2. Let (X, d η ) be an η-cone metric type space and T η be the topology defined above. Moreover, suppose that sup x,y∈X η(x, y) = L < ∞. Then for any nonempty subset A ⊂ X, if we defineĀ to be the intersection of all closed subsets of X which contains A, then for any x ∈Ā and for any c ≫ θ, we have
Proof. ClearlyĀ is the smallest closed subset which contains A. Set A * = {x ∈ X; for any c ≫ θ, there exists a ∈ A such that :
We have A ⊂ A * . Next we prove that A * is closed. For this we use Lemma 3.1. Let {x n } be a sequence in A * such that {x n } converges to x. Let us prove that x ∈ A * . Let c ≫ θ. Since {x n } converges to x, there exists N ≥ 1 such that for any n ≥ N we have
c c 2 A closed set is the complement of an element of T η which implies x ∈ A * . Therefore A * is closed and contains A. By definitionĀ ⊂ A * , which concludes the proof.
Fixed point theory.
In this section we shall prove some fixed point theorems of contractive mappings. Our first theorem is an analogue of Banach contraction principle in the setting of η-cone metric space. Throughout this section, for the mapping T : (X, d η ) → (X, d η ) and x 0 ∈ X, the set I(x 0 , T ) = {x 0 , T x 0 , T 2 x 0 , · · · } represents the orbit of x 0 . Before we proceed to our first fixed point result, there is an important observation that ought to be made. As we know, the metric d on a metric space (X, d) possesses the continuity property, which is equivalent to the sequential continuity since any metric space is first countable. However, as the next example will demonstrate, η-cone metrics are not always continuous. 
, if m and n are even or mn = ∞ 5 if m and n are odd and m = n 2 otherwise.
Thus, (X, d η ) is an η-cone metric space where 3 η(x, y) = 3 and d η (x, y) = D(x, y) whenever x, y ∈ X. Considering the sequence {x n } defined by x n = 2n and setting 1 ∞ := 0, we have that
1)
for some k ∈ [0, 1) and for all x, y ∈ X. Moreover, for any x 0 ∈ X, suppose that lim
T has exactly one fixed point x * . Moreover for each x ∈ X, T n x → x * .
Proof. We choose any x 0 ∈ X be arbitrary, define the sequence {x n } by x n = T n x 0 . Then by successively applying inequality (4.1), we obtain:
So for m > n, using property (d3) and condition (4.2)
converges by ratio test for each m ≥ 1. Let:
Thus for m > n, the above inequality (4.3) becomes:
Hence {x n } is a Cauchy sequence. By the completeness of X, there is x * ∈ X such that x n → x * .
Therefore d(x * , y * ) = 0 and x * = y * .
The proof of the following corollary is immediate. for some k ∈ [0, 1) and for all x, y ∈ X. Moreover, for any x 0 ∈ X, suppose that lim
T has exactly one fixed point x * .
Example 4.4. Let X = [0, +∞), E = R , and P = [0, +∞). Let us define, for all x, y ∈ X d η (x, y) : X × X → R and η : X × X → [1, ∞) as:
. We have:
Note that for each x ∈ X, T n x = x 2 n . Thus we obtain: lim
Therefore, all conditions of Theorem 4.2 are satisfied hence T has a unique fixed point.
Theorem 4.5. Let (X, d η ) be a sequentially compact η-cone metric space such that d η is continuous, sup x,y η(x, y) < ∞ and the underlying cone P is regular. Suppose the map
for all x, y ∈ X, x = y. Then T has a unique fixed point in X.
Proof. Let x 0 ∈ X be arbitrary and construct the sequence {x n } such that x n+1 = T x n . Moreover, we may assume, without loss of generality that x n = x m for n = m. By setting
, then, using condition (4.5), we write
Therefore d n is a decreasing sequence bounded below by θ. Since P is regular, there is d
From the sequence compactness of X, there is a subsequence {x n i } of {x n } and x * ∈ X such that x n i → x * (i → ∞). We have
Using the continuity of d η , we write
Moreover, if we assume that d * = θ, we have
-a contradiction, so d * = θ, i.e. T x * = x * and x * is a fixed point of T . The uniqueness of the fixed point naturally comes from condition (4.5).
As we mentioned earlier η-cone metric spaces have a metric like structure. Indeed we have the following result. 
, for any points x, y, z ∈ X.
Note that property (D3) does not give the classical triangle inequality satisfied by a distance and there are many examples where the triangle inequality fails. We are therefore led to the following definition.
Proof. The proofs of (D1) and (D2) are easy and therefore left to the reader. In order to prove (D3), let x, y, z ∈ X, and since (X, d η ) is an ηcone metric space, we have:
Since P is normal with constant K we get
i.e.
This completes the proof. It is obvious that η-metric spaces are natural extensions of metric type spaces. The concepts of convergence, Cauchy sequence and completeness can easily be extended to the case of an η(cone)-metric space. We now try and formalise the inequality (4.3) (which is a generalization of property (D3)) in the case of η-metric space, namely we have the following lemma, whose proof is straightforward and shall therefore be omitted: Lemma 4.10. Let (X, D, η) be an η-metric space. Let x, y, z i , i = 1, 2, · · · , n ∈ X, n ≥ 2. Then we have the recursion:
Proof. By (4.6), we have D(y n , y n+1 ) ≤ λ n D(y 0 , y 1 ) (4.7) Let m > n ∈ N. Using Lemma 4.10, we write
and by the inequality (4.7), we obtain
Since lim
n,n→∞ η(y n+1 , y m )λ < 1 so that the series
Thus for m > n, the above inequality becomes:
. Hence {y n } is a Cauchy sequence.
We conclude this manuscript with the following interesting fixed point result. Let (X, d η ) be an η-cone metric space such that d η is continuous. For x, y ∈ X we set D η (x, y) = d η (x, y) . Then (X, D η ) is the η-metric space generated by (X, d η ). We have: Proof. Fix x 0 ∈ X and construct the sequence {x n } such that x n+1 = T x n . From (4.8), D η (x n , x n+1 ) = D η (T x n−1 , T x n ) ≤ αD η (x n−1 , x n ) + βD η (x n−1 , x n ) + γD η (x n , x n+1 )
where α.β, γ and δ are evaluated at (x n−1 , x n ). By property (D3) we have D η (x n−1 , x n+1 ) ≤ η(x n−1 , x n+1 )[D η (x n−1 , x n ) + D η (x n , x n+1 )], which implies that D η (x n−1 , x n+1 ) ≤ 2η(x n−1 , x n+1 ) max {D η (x n−1 , x n ), D η (x n , x n+1 )} . Hence D η (x n , x n+1 ) ≤ (α + β + γ) max {D η (x n−1 , x n ), D η (x n , x n+1 )} + 2η(x n−1 , x n+1 )δ max {D η (x n−1 , x n ), D η (x n , x n+1 )} .
Then
D η (x n , x n+1 ) ≤ λ max {D η (x n−1 , x n ), D η (x n , x n+1 )} . Since λ < 1, then D η (x n , x n+1 ) ≤ λD η (x n−1 , x n ). From Corollary 4.11, we know that {x n } is Cauchy. Since (X, D η ) is complete, then there exists x * ∈ X such that lim n→∞ x n = x * .
On the other side, using (4.8), one readily sees that
Now, take the limit as n → ∞, then by and since d η is continuous, we obtain D η (T x * , x * ) ≤ λD η (x * , T x * ). Since λ < 1, then T x * = x * . For uniqueness, assume x, y ∈ X and x = y are two fixed points of T . Using (4.8), we have = D η (T x, T y) ≤ (α + 2δη)D η (x, y) ≤ λD η (x, y). Since λ < 1, then D η (x, y) = 0, which implies x = y.
